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Abstract. We show that two hierarchies of spin Hamilton operators admit the 
same spectrum. Both Hamilton operators play a central role for quantum gates in 
particular for the case spin ^ and the case spin 1. The spin-|, spin-1, spin-| and 
spin-2 cases are studied in detail. 

Let Si, S 2 , S 3 be the spin matrices for spin 

1 3 

s = 1, -, 2 ,... 

2 2 

The matrices are (2s -|- 1) x (2s -|- 1) hermitian matrices {Si and S 3 are real sym¬ 
metric) with trace equal to 0 satisfying the commutation relations 

[^1, ^2] = [^ 2 , ^3] = [^ 3 , ^1] = tS 2 . ( 1 ) 

The eigenvalues are s, s — 1,..., —s for a given s. It is well known that 

‘S'l + >S'2 -|- S'! = s(s -|- l)/2s+l (2) 

where /2S+1 is the (2s -|- 1) x (2s -f 1) identity matrix. Furthermore we have 

tr(5|) =-s(s-b l)(2s- 1 -1) (3) 

and 

tr(S'jS'fc) = 0 for j^k and j,/c = 1, 2, 3. (4) 

In general we have that tr(S'”) = 0 if n is odd and tr(S'”) = |s(s -|- l)(2s -|- 1) if n 
is odd. From eq.(4) it follows that tY{{SjSk) <8) {SfSm)) = 0 if j 7^ fc and i ^ m. 

We consider the two Hamilton operators (hermitian (2s 4-1)^ x (2s -|- 1)^ matrices) 

H = —— = 5*1 $§ 5*1 -|- 5*2 <8) 5*2 + 5*3 $§ 5*3 
nu 


K — —— — Si ® S 2 -\- S 2 ® ® Si 

fkjj 

and their spectra. The corresponding quantum gates U^ioji) = exp{—iHt/h), 
U^{ut) = exp{—iKt/h) play a central role in quantum computing [H [21 [3] in par¬ 
ticular for the case s = | and the case s = 1. The Hamilton operators admit the 
same spectrum for all given s, i.e. the eigenvalues (including degeneracy) of the 
two Hamilton operators are the same for a given spin s. 

This can be seen as follows. Utilizing eq.(2), eq.(3), eq.(4) and that tr(M <S) N) = 
tr(M)tr(7V) for any n x n matrices M, N one finds that 

tr(.H^) = tr(.^^') j = l, 2 ,..., 2 s + l. 


This implies that the eigenvalues of H and K are the same including degeneracy. 
Note that for any n x n matrix A with eigenvalues Ai, ..., A„ we have 


tr(H'=) = At + A^ + • • • + A^ 


with fc = 1 ,..., n | 1 ]. 

Consider the cases spin A, 1, | and 2. 

For spin-1 we have the hermitian matrices 
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where 0 denotes the direct sum and 
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with the eigenvalues —3/4 (1 x) and 1/4 (3 x). Thus the matrices are invertible. 
The normalized eigenvectors for H are 
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For the matrix K the normalized eigenvectors are 
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For spin-1 (9x9 matrices) we hnd the eigenvalues 

-2 (lx) -l(3x), +1 (5x). 

For spin-1 we have 16 x 16 matrices and hnd the eigenvalues 

-15/4 (lx), -11/4 (3x), -3/4 (5x), 9/4 (lx). 

For spin-2 we have 25 x 25 matrices and hnd the eigenvalues 

-6 (lx), -5 (3x), -3 (5x), 0 (7x), +4 (9x). 
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